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Abstract 

The influence of boundary conditions on the deformation energy of a lipid membrane containing a gramicidin A channel was 
evaluated numerically. A liquid crystal model was used to calculate the relative contributions of compression, splay and surface tension. It 
is proposed that the nearest neighbor lipid molecules are displaced from the channel end in a direction perpendicular to the bilayer and it 
is concluded that surface tension is the major component of the deformation free energy for monoolein (gmo)/n-alkane membranes. This 
unexpected result supports the validity of the liquid crystal models of membrane deformation since gramicidin lifetime has been shown to 
correlate with surface tension for gmo membranes. The theory accurately predicts the experimentally measured relative lifetimes without 
the use of adjustable parameters. For conditions where splay may be neglected surface tension is always the major componentoof the 
deformation energy, irrespective of the magnitude of the compression coefficient. The deformation may extend for hundreds of A from 
the peptide. The results obtained here are expected to be important for the characterization of protein-membrane interactions in general. 
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1. Introduction 

The mechanical properties of  membranes have been 
described [ 1-4] and mathematical modelling of the interac- 
tions between membrane and protein has been attempted 
[2,4-14]. The hydrophobic mismatch [10] of  a protein in a 
membrane and the lipid spontaneous curvature [8,14] have 
been suggested to be important determinants of the defor- 
mation free energy. There remains a considerable uncer- 
tainty in the physical and mathematical characterization of 
membrane-pro te in  interactions. 

The deformation properties of  solvent-free lipid bilayer 
membranes have been modeled on the liquid crystal theory 
for a smectic with elongated molecules perpendicular to 
the plane [3,5,6]. The theory was applied to calculate the 
influence of membrane deformation on the gramicidin A 
channel lifetime [5,6,13]. It was concluded that compres- 
sion of the lipid tails contributes significantly to the defor- 
mation free energy [5,6,15]. In a solvent-free membrane,  
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compression was found to be the most important factor 
contributing to the deformation free energy [5], whereas 
surface tension energy was negligible. 

For solvent-containing membranes the situation is more 
complicated. A lipid 'sandwich'  with solvent in the middle 
has been used as a model for a solvent-containing mem- 
brane [16]. The deformation region close to the channel 
produces hard compression due to overlap of the lipid 
chains, whereas the region more distant to the channel 
produces softer compression [6]. 

For these solvent-containing membranes surface tension 
was found to contribute more to the deformation energy 
than the splay component but still significantly less than 
the compression component [6]. Thus, both Huang [5], and 
Helfrich and Jakobsson [6] found surface tension to be of  
lesser significance than the compression deformation en- 
ergy. This conclusion is not compatible with the surface 
tension models of  membrane deformation [17-22]. 

The liquid crystal models have not been able to explain 
the correlation of  lifetime of the gramicidin channel with 
surface tension [17-22]. The earlier surface tension mod- 
els, on the other hand, were empirical and could not 
explain the experimental results for the whole range of 
membrane tipids which have been used. 
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Two surface tension models [19,21] quantified the ef- 
fect of the 'pull' of the membrane on the opening and 
closing processes of gramicidin channels. The model of 
Elliott et al. [21] has been referred to as the ENDH model. 
The model of Hendry et al. [19] is hereafter called the 
HUH model. In the HUH model, the free energy of 
deformation determines, through the Boltzman distribu- 
tion, the ratio between open and 'closed' channels. In the 
ENDH model the deformation free energy increases the 
dissociation rate of the channel. The average lifetime is the 
inverse of the dissociation rate. In the ENDH model the 
lifetime is directly related to the component of the defor- 
mation free energy which depends on surface tension. 

In both the HUH and ENDH models, surface tension is 
assumed to be the source of the channel destabilizing 
factor. The assumptions of the HUH and ENDH models 
were not compatible with the liquid crystal models since 
the latter models found surface tension to be of much 
lesser importance than the compressional energy. As is 
shown here, however, the large effects of splay and com- 
pression observed for the liquid crystal models critically 
depend on the membrane parameters that were assumed. 
Also, it is shown that the contribution of compression is 
sensitive to the choice of boundary conditions. 

In the present report the theories of curvature elasticity 
of bilayers [3] and the hydrophobic mismatch theory [10] 
are combined to derive the differential equations. The only 
difference to the equations derived previously [5,6] is in 
the inclusion of terms involving the saddle splay and 
spontaneous curvature. These latter contributions, how- 
ever, are not expected to be important for gramicidin in 
gmo/alkane membranes. 

It will be shown that the empirical correlation of life- 
time with surface tension is compatible with the liquid 
crystal model. This finding is important since it resolves 
the paradoxical inability of the liquid crystal models to 
explain the correlation of gramicidin lifetime with mem- 
brane surface tension. The results therefore support the 
usage of liquid crystal theory to model protein membrane 
interactions. 

It will be shown that the theory predicts the relative 
lifetimes for gramicidin in gmo/hydrocarbon membranes. 
The fit to experimental data, without any adjustable param- 
eters, is excellent. 

Since the assumptions used for the boundary conditions 
are important for all membrane-protein interactions, it is 
of interest to investigate the influence of the choice of 
boundary conditions and lipid chain length on the relative 
contributions of compression, splay and surface tension in 
the case of the gramicidin channel. 'Relaxed' (see below) 
boundary conditions [13] are used in the numerical evalua- 
tion of the deformation free energy. It is found that the 
hard compression of the lipid tails adjacent to the channel 
may be relieved due to the slope of the membrane (Fig. 1, 
right). 

The special case in which the splay contribution may be 
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Fig. 1. Definition of n, R, r, rl, u, u c, u o, b, <h, 0 and boundary 
conditions for a gramicidin A channel in a lipid membrane with solvent 
(see also Table 1). On the left side of the channel the previously used 
boundary conditions are shown. The nearest neighbor lipid molecules are 
positioned at the same level as the channel end. R is the outer radius of 
the channel, cl is the chain length, b the nearest neighbor distance, a half 
the membrane hydrophobic thickness and gl the channel hydrophobic 
length. The hatched region is the solvent in the membrane interior and u c 
is the deformation where the 'hard' compression of the lipid chains starts 
(black region illustrates overlapping chains). On the right side of the 
channel the boundary conditions proposed here are illustrated. The mem- 
brane slope is continuous up to the rim of the channel end. r I = R + bcos 0 
is the beginning of the deformation region. 

neglected is solved analytically for a membrane with a 
single stiffness-constant. 

The results presented here differ from those of previous 
studies [5,6] and also from those of the HUH and ENDH 
models [19,21,22], but support the conclusion that the 
surface tension is the major component of deformation 
energy for the systems discussed and, unexpectedly, sup- 
port the validity of the liquid crystal models [5,6]. 

2. Theory and numerical methods 

A theoretical description of the deformation of a bilayer 
membrane containing a gramicidin A dimer channel has 
been formulated [5]. The deformation is assumed to be of 
circular symmetry. The differential equation relating the 
membrane deformation, u, in a direction parallel to the 
axis of the channel to the distance from the channel axis, 
r, was derived [5,6]. 

The theory was developed by analogy to a theory which 
was used to model the dynamics of liquid crystals. In the 
latter case an approximation of small perturbations was 
used [1] and the differential equations rest on the assump- 
tion that lipid molecules are locally perpendicular to the 
surface, i.e., tilt is not allowed. Also, it was assumed that 
the surface terms either may be neglected or integrate to 
zero over a closed surface. In particular, the total saddle 
splay (also called gaussian splay [25]) deformation energy 
is zero and therefore 'drops out' of the differential equa- 
tions. The spontaneous curvature [3,8,14,24] was also not 
included in the theoretical description. 

A membrane, however, has a large surface to volume 
ratio and it is not clear that the theory used for bulk liquid 
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crystals is valid in this case. Also, in the present case the 
monolayers are deformed in opposite directions (since 
gramicidin A is a symmetrical dimer). The small perturba- 
tion assumption (i.e., long wavelength compared to lattice 
spacing) is therefore also not appropriate. Nevertheless, the 
same model equations as proposed by Huang [5] may be 
derived using the theory developed to model vesicle shapes 
[3,23]. The compression term and the surface tension are 
included as proposed previously [5]. 

A bilayer and a vesicle differ with respect to two 
important issues. (1) The saddle splay deformation energy 
[3,24,25] integrates to zero over a closed shell whereas the 
total splay energy for a deformed bilayer is generally not 
zero. (2) It has been argued that the surface tension for a 
small vesicle is zero if the osmotic difference across the 
vesicle is zero [26]. This is not the case for a supported 
bilayer in contact with bulk lipid. (The question of a 
vanishing surface tension for a vesicle is not settled, 
however [27].) 

The local curvature deformation energy density for each 
monolayer is assumed to be a quadratic function of the 
curvature. In complete analogy with the assumptions for a 
bilayer [3] the curvature energy density of a monolayer [8] 
is assumed to be 

E~ = k t (  c , + c 2 - Co) 2 + k2c lc  2 (1) 

To be compatible with earlier nomenclature we put k I = 
aKsp I where a is the half bilayer thickness and for consis- 
tency k 2 = aK~p 1. c 1 and c 2 are the local principal curva- 
tures and c o is the spontaneous curvature, c o is nonzero if 
the zero of free energy is not at a uniform orientation of 
the molecules [24]. 

The first term of Eq. (1) has been used [28] to model 
the phase behavior of phospholipid monolayer-lined cavi- 
ties. For a situation with c o = 0 and cl + c 2 = 0 the only 
contribution to deformation energy is from the second term 
of Eq. (1). For such a situation ClC 2 < 0 (a saddle). It will 
be assumed that the saddle splay deformation energy is 
positive which is equivalent to assuming that there is no 
spontaneous warp in the monolayer, and therefore k 2 < 0, 

i.e., K~p I < 0. 
Reorganizing Eq. (1) gives, summing over both mono- 

layers, 

Ec = aK~p,( c, + c2) 2 + aK~olc" ~ - 2aKsp,( c I + c2)c 0 

+ aK~plC 1 c 2 (2 )  

The first term corresponds to the term derived with the 
earlier approximations [1,5]. The present model for the 
curvature deformation density therefore differs from the 
earlier [5] only in the last three terms. The last two terms 
may give a significant contribution for other membranes 
(see Section 4) but are not of main concern for the results 
presented here. The second term contributes the same 
constant amount per unit area to both the undeformed and 

the deformed bilayer and therefore does not contribute to 
the protein-membrane interaction energy. 

The third and last terms are independent of the shape of 
the membrane and depend only the on boundary conditions 
(see Appendix A). 

Thus, if boundary conditions are chosen then the mem- 
brane shape may be determined using the same equations 
as were used previously [5,6]. The only difference will be 
that the total bilayer deformation energy is now obtained 
by integrating also the last two terms of Eq. (2). These 
terms may be obtained in a closed form. It is assumed that 
the initial slope of the membrane is S (the slope of the 
membrane at the channel, S = tan 0) and the integral of the 
last two terms of Eq. (2) (the spontaneous curvature and 
saddle splay components) is then (see Appendix A) 

- 4 7 r a K s p l C o r l S -  7raK~plS/(  l + S )  (3) 

where r~ = R + b c o s  0. 
In practice c o and K~p I are not known and their contri- 

butions will be discussed separately. In principle, however, 
given c o and K~p I the total deformation energy is obtained 
in a straightforward manner. The method is the same as 
that used by Helfrich and Jakobsson [6]; minimizing the 
total deformation energy (including Eq. (3)) as a function 
of S. The shape of the membrane is then determined by the 
value of S at the minimum of the total energy. 

The nomenclature used in this report is similar to that 
used previously, u is defined such that u = 0 at r = ~ (for 
u and r see Fig. 1). 

To summarize [5,6] the local compression, splay and 
surface tension components of the free energy per unit area 
of the bilayer are (including only the first term of the splay 
component, Eq. (2)), 

Bsof, Uc /a  + B~tiff(u - uc )21 (  a - uc) fcomp = 2 

(for u > u~) (4a) 

fcomp=BsoftU2/a ( f o r u < u c )  ( U c = a - c l )  (4b)  

Fsp,ay = aKsp,( u ' / r  + u") 2 (5) 

fsurf ̀ = 3'(b/') 2 (6) 

where Bsoft, Bstif f are the bulk module for soft and stiff 
elastic compression, 3' is the interfacial tension (i.e., half 
membrane tension) and a is the half membrane thickness. 
u c is the deformation threshold for stiff compression, cl is 
the lipid chain length. 

The total free energy of the deformation is 

F =  2"n'f~:rdr(Fcomp q- Fsptay q- Esurft) (7) 
r I 

For minimum free energy 6 F  = 0 and the Euler equation 
for the system is [5,6] 

K~pl(U'/r 3 - d ' / r  2 + 2 u " / r  + u ' ' )  - y / a ( u ' / r  + u") 

-t- (nsoft / /a2)u = 0 (8)  
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Eq. (8) holds for the region where u < u c. For u > u c 
the last term is replaced w i t h  B s t i f f ( u  - U c ) / / ( a  • cl)). Once 
a solution for Eq. (8) is found, the free energy is obtained 
from Eq. (7) by integrating the contributions Eqs. (4)-(6) 
and evaluating Eq. (3). To solve Eq. (8), boundary condi- 
tions must be chosen. 

2.1. Boundary  conditions 

The boundary conditions used previously [6,19,21] as- 
sume that the lipid molecules closest to the channel are 
constrained in their vertical motion so that the membrane 
at the channel may not be thicker than the hydrophobic 
length of the gramicidin channel (Fig. 1, left side). This 
assumption stems from experimental observations of chan- 
nel lifetime variation. The thickness of the membrane is 
altered by varying the constituents of the membrane. As 
the membrane is thinned and approaches the length of the 
channel, the deformation of the membrane decreases. It is 
then observed that the dimerized channel becomes more 
stable. When the thickness of the membrane equals the 
channel length, the dimer channel is not stabilized by a 
further thinning of the membrane. It has been concluded 
that the lipid molecules close to the channel have the 
hydrophilic head groups at the same height as the channel 
end. Then, if the membrane thickness equals the channel 
length there will be no deformation. 

For a membrane which is thicker than the gramicidin 
channel length, however, we proposed previously [13] that 
the lipid molecules closest to the channel will be displaced 
in a direction parallel to the axis (see Fig. 1, right). This 
assumption is theoretically and experimentally justified, If 
the angle of the slope of the membrane is 0, and b is the 
distance along the membrane to the first lipid molecule, 
then the vertical displacement of the lipid from the channel 
end is bsin0. 

It should be noted that the justification for the boundary 
conditions used previously was the empirical lack of influ- 
ence on lifetime of thickness variation for membranes of a 
thickness equal to the channel length. However, since the 
previous and present boundary conditions coincide when 
the membrane is flat (bs in0=  0), the experimental find- 
ings for the thin membranes do not discriminate between 
the boundary conditions. With both the earlier and the 
present boundary conditions there will be no deformation 
of a membrane of thickness equal to the channel length 
and therefore no difference in the influence on lifetime. 
For thicker membranes, however, the difference in bound- 
ary conditions has important consequences. The contribu- 
tion of lipid tail compression of the nearest neighbor lipids 
is significantly reduced with the present boundary condi- 
tions. 

Theoretically, it is not likely that the nearest neighbor 
lipid head groups are positioned at the same level as the 
gramicidin hydrophilic end. Rather, it is expected that the 
slope from the channel end to the boundary lipid head 

group be nearly equal to (i.e., continuous with) that be- 
tween the 'first' and 'second' lipids. 

The distance between the nearest neighbor lipid head 
groups and the hydrophilic end of the channel (b above) is 
determined by the balance of forces between the head 
groups, the hydrophobic repulsion of the hydrocarbon- 
water contact and the entropy effects related to the mean 
free volume of the lipid chains [29]. For both sets of 
boundary conditions the nearest neighbor lipid is displaced 
from the channel due to the thermal motion of the tail. The 
nearest neighbor distance is not known, but is likely to be 
of the same order as the lipid-lipid distance (for gmo, 6 ,&). 
A conservatiVeo assumption for the present purposes i s  to 
put b = 3 A. With a channel outer radius (R) of 7 A the 

o 

radial coordinate of the first lipid is then about 10 A, 
which is the same as that assumed for the previously used 
boundary conditions. 

It is assumed that the molecular perturbations are suffi- 
ciently small to allow for a macroscopic description of the 
membrane [1,3,5] and that the effects of thermal fluctua- 
tions of the membrane thickness [15] may be either aver- 
aged or ignored. The effects of curvature and slope of the 
membrane on surface tension are not taken into account 
and we assume these effects will not significantly influ- 
ence the conclusions. 

The present hypothesis therefore gives the following 
boundary conditions (which will be referred to as the 
'relaxed' boundary conditions) 

= o u(  r l )  = u o -  bsin0 

OU I OU 
- -  [ = tan0 = S -~r = 0 (9) 
Or r= r, r= 

where Uo = a -  g l /2  is the membrane deformation at the 
channel (i.e., calculated as if the membrane were a contin- 
uum extending up to the channel entrance rim). 

o 

The hydrophobic length of the channel is about 21.7 A, 
whereas the total length of the channel is about 26 A 
[30,31]. 

2.2. Splay coefficients and spontaneous curvature 

The value of the splay coefficient used here, Ksp I = 10-6 
dyn [3,32], is the same as that used previously [5,6]. A 
greater value has also been given [33] but it was argued 
that the lower value is more correct [5,32]. In the present 
case an even lower value (favoring the conclusions of this 
report) should be appropriate. The presence of the solvent, 
which is partially sandwiched between the lipid layers [16] 
and partially between the lipid chains [34], is expected to 
lower the splay deformation energy and minimize effects 
from bilayer couple bending [25,35]. Furthermore, on theo- 
retical grounds it was concluded [35] that the bending 
monolayer stiffness, which is appropriate here, is about 6 
times lower than the bilayer couple stiffness. 
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The saddle splay coefficient, K'spl, is not known. Both 
types of curvature deformations, symmetric and saddle 
shaped, are associated with lipid chain shape changes at 
constant lipid chain volume. It has been argued that gener- 
ally Ksp I and K'sp I could be expected to be of a similar 

! 

magnitude [25]. Nevertheless, in the present case K~pt 
should be significantly lower than Ksp 1. Both types of 
membrane deformation involve a molecular shape change 
at constant lipid chain volume. For K~p 1, (the symmetric 
component of monolayer bending, i.e., with the same 
curvature in the x and y directions), a compressional splay 
of the lipid chains implies either (1) stretching of the lipid 
chains, or else (2) an increase in the surface area per lipid 
molecule. Either of these effects increases the bending 
energy in the deformation region. Either there will be an 
increased interference with lipid chains from the opposite 
monolayer (i.e., an increased contribution from elastic 
compression) or else there will be an increased exposure of 
hydrocarbon to water. (Close to the channel the compres- 
sion stiffness is of the 'hard' type, see Eq. (4).) 

In contrast to these effects for a symmetric deformation, 
a saddle splay deformation allows a lipid shape change at 
constant volume without chain stretching and with no 
change in surface area per lipid molecule. 

With the convention adopted here the spontaneous cur- 
vature, c o, for monolayers with P E / P C  lipids is negative 
[28]. For gmo c o is expected to be close to zero. The 
shapes of the constituent molecules have been proposed to 
determine the stability of planar membranes [28,36,34]. 
Theoretically, gmo is considered to be a non-conical lipid 
and should therefore give membranes of low spontaneous 
curvature. Experimentally, it is well known that monoolein 
gives stable planar bilayers also at temperatures well above 
the main lipid phase transition (increasing temperature 
generally favors transition from the lamellar to the hexago- 
nal phase). This finding supports the assumption of a low 
spontaneous curvature [32,34] and in the present case c o is 
not expected to have much influence on the total deforma- 
tion energy. Further experimental support for a low energy 
contribution at zero curvature is the stabilization of the 
gramicidin A channel lifetime as the lipid thickness ap- 
proaches that of the channel length. 

As noted above (Eq. (3)), however, if the saddle splay 
coefficient and spontaneous curvatures are determined, 
their influence on the deformation free energy are readily 
included in the calculations. 

Neglecting K~p I and c o may not be adequate for phos- 
phatidylcholine (DPPC) membranes but the approximation 
will be retained also for this latter case in order to facilitate 
comparison of the results obtained here (Figs. 2 and 3) 
(where modified boundary conditions are used) with the 
results presented previously [5,6]. DPPC lipid membranes 
also give stable planar bilayers, whereas phosphatidyl- 
ethanolamine (DPPE) additions destabilize the lamellar 
phase increasing the tendency to form the hexagonal phase 
[28]. 

2.3. Minimization o f  the deformation free  energy 

Relaxation methods can be used to solve Eq. (8) and to 
calculate the deformation energy obtained as a function of 
the initial slope, S, of the membrane [6]. A different 
method was used here: a combined 'shooting'-minimiza- 
tion technique was used to obtain the shape of the mem- 
brane as a function of S. The integration of Eq. (8) 
requires four boundary conditions. The membrane defor- 
mation calculated at the channel, Uo, and the distance to 
the nearest lipid chain, b, are assumed to be given. In 
addition, the value of S is required for the boundary 
conditions given by Eq. (9) to be well-defined. Thus, the 
minimum energies and the corresponding values of S were 
obtained by the following steps: 
1. a value of S (u' at r = r I) was chosen. 
2. Initial estimates were made for u" and u" at r = r 1 and 

Eq. (8) was integrated up to a sufficiently large value of 
r ( r  = r2). 

3. The integral represents a nonlinear vector function, 
y = f ( x ) ,  in which x=(u'(rl),u"(rl)) and y =  
(u(r2),u'(r2)).  y is the prediction of the final values of 
u and u' (at r = r 2) given the initial values of u" and 
u"(i.e., at r = r I ). A root-finding package was therefore 
used to find the value of x (i.e., u" and u" at q )  which 
solves the function f, i.e., results in zero derivatives at 
'infinite' r. (The package automates iteration of step 2). 
The root obtained defines the shape of the membrane 

compatible with (1) the differential equation (Eq. (2)), (2) 
the given initial slope, S, and (3) the requirement that the 
deformation and its derivative become zero at r = r 2. The 
energy components are then obtained by integration of 
Eqs. (4)-(6). This procedure was repeated for a range of 
values of S and the minimum energy, as a function of & 
was determined (as described previously [6]). 

The stiffness coefficient is discontinuous at u -- u c and 
therefore for higher accuracy the integrals were performed 
in two steps. The first step extended from the channel and 
up to an r m such that u ( r ~ ) <  u,:, and the second step 
from r m to r 2. In the interval r I < r < r m, B = B~t~f f for 
u > u~ and B = B~oft for u < u c. In the interval r m < r < r2, 
B = Bsoet for the whole interval. In other words, stiff 
compression is ignored for large r even if in the process of 
minimization u > u~. This procedure improves the speed 
of convergence and avoids getting trapped in local minima. 
Since the boundary conditions demand that u = 0 at 'infin- 
ity', putting B = Bsoft for large r has no bearing on the 
results. 

Calculations were performed on a 486 AT. A general 
package for numeric computation (MATLAB, Mathworks, 
Natick, USA) was used. 

3. Results 

Fig. 2 shows the total deformation energy for a pc /de-  
cane membrane. The upper curves (continuous and dashed) 
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Fig. 2. Deformation free energy of a phosphatidylcholine membrane with 
a gramicidin A dimer channel as a function of the assumed initial slope of 
the membrane at the channel rim. The upper curves (dashed and continu- 
ous) are the solutions of the differential Eq. (8) with two different values 
of  r 2, 120 A and 300 ,~, respectively. The upper curves were obtained 
with the same boundary conditions as those used by Helfrich and 
Jakobsson [6]. The lower pair of curves are for the boundary conditions 
given by Eq. (9). 

are the results for the boundary conditions used previously 
[6]. The upper curve therefore serves as a check for the 
present numerical techniques as well as a confirmation of  

7 ,= i i i i i i i i i 

6 

4 
I-- 

" 3 

2 

1 " - -  ~ . . / .  . . . . .  :. . . . .  

0 . ,"n ~ - - - , ,  " ~ - , - ~ ' 5  ~ ~ 
-1.0 -0.5 0.0 

S, du/dr 

Fig. 3. Deformation free energy of a pc/decane membrane with a 
gramicidin A dimer channel incorporated, showing the contributions of 
surface tension (dotted), splay (short dash), compression (long dash) and 
total free energy (continuous). The parameters used are given in Table 1 
(see text). 

the earlier results. The dashed and continuous curves rep- 
resent results for r 2 = 120 .~ and 300 ,~ respectively. The 
parameters used for the calculations are given in Tables 1 
and 2. 

The lower pair of  curves shows the total energy ob- 

Table 1 
List of symbols 

Symbol Value Units Meaning 

B s t i f f  

B s o f t  

K s p l  

K ' s p  I 

b 

R 
a 

c 0  

C I ~C 2 

cl 
gl 
F 

Fcomp / splay / surft 
K n (n = - 1,0,1,2) 
I i  

r 

El  

r 2 

?'m 

S 
u, u(r) 

Uc 

lg o 
Z 

O~ 

7 
4~ 
0 
T 

5 . 1 0  -8 

5 .75.10-11 
1 . 10 -6  

3 / 0  a 

7 / 1 0  a 
half bilayer hydrophobic thickness 
intrinsic curvature of membrane 
principal curvatures of membrane 
lipid chain length 
channel hydrophobic length 
total deformation free energy 
differential component deformation energies 
modified Bessel functions of the second kind 
unit vector perpendicular to membrane 
radial distance from axis of channel 
r I = R + bcos0. Beginning of deformation region 
end point, r 2 taken as 
termination point of first half of  integral to obtain u(r). 
initial slope of membrane = d u / d r  at r I 
membrane deformation at r 
a - cl (hard/soft  compression boundary) 
a - g l / 2  (membrane deformation at channel rim) 
monomer separation distance on channel breakup (ENDH) 
decay parameter for membrane deformation = (ay/B)o.5 
half bilayer membrane tension 
local angle of slope of membrane. 
angle of initial slope = tan-  1 (S) 
channel average lifetime 

d y n / A  2 

d y n / A  2 

dyn 
dyn 

stiffness (hard) 

stiffness (soft) 
splay coefficient 
saddle splay coefficient 

channel-lipid distance 

outer radius (R + b = 10) 

The values for B, Ksp I, gl and (R + b) are the same as those used previously [5,6]. 
a Used for the calculation of 'non-relaxed' boundary conditions for comparison with earlier results. 
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tained when the new boundary conditions are used. It is 
clear that there is a significant lowering of the total free 
energy. For both sets of boundary conditions there is a 
negligible change in total energy at the minimum when the 
far boundary is increased from 120 to 300 ,~. The change 
in S, however, is not negligible. Increasing r 2 allows S to 
become more positive, i.e., of decreasing magnitude. This 
change in S is intuitively clear, but the exact value of S at 
the minimum is not of concern here. 

The details of the components of the continuous curve 
( r  2 = 300 ,~) for the new boundary conditions are shown 
in Fig. 3. An unexpected result is that the surface tension 
(dotted) is the largest component of the total energy. This 
is in contrast to earlier conclusions [5,6] that surface 
tension was less significant in determining the shape and 
energetics of the deformation. 

Fig. 4 compares the influence of the old (Fig. 4a) and 
the new (Fig. 4b) boundary conditions on the deformation 
energy for a thin, uncharged and virtually solvent-free 
membrane. The parameter values used here are the same as 
those used previously [6]; therefore the results can be 
directly compared. There is a significant lowering of defor- 
mation free energy when the relaxed boundary conditions 
are used. The lowering of deformation energy is, as for 
pc/decane in Fig. 2, of the order of 2 kT. In this case 
surface tension plays a minor role. The initial slope (S) at 
the minimum of free energy is of lower magnitude for the 
new boundary conditions and this is similar to the results 
for pc/decane. 

The lifetime of gramicidin channels was measured for 
gmo/hexadecane [37] and gmo/decane [13] membranes. 
The gmo/alkane system has been used to model the 
influence of the physical properties of the membrane on 
the channel lifetime. It is therefore of interest to evaluate 
the deformation energy in these cases. 

gmo/hexadecane membranes (Fig. 5a and b) are thin 
and relatively incompressible. Nevertheless, the surface 

Table 2 
Values of membrane parameters used in calculation of deformation 
energies 

Membrane a (.~) y ( raN/m) cl (A) r e (]~) 

eic/squalene 14.25 1.5.10 -8 14.25 120 
gmo/hexadec. 15.5 2.5.10 -8 12.5 300 
gmo/tetradec. 19.35 3,04.10 -8 1 2 . 5  350-400 
gmo/dodec. 21.4 3.45.10 -8 1 2 . 5  300-350 
gmo/decane 22,5 3.6-10 -8 1 2 . 5  350-450 
gmo/octane 22.4 4.38.10 -8 2.5 250 
pc/decane 24 0.8.10 -8 14.5 300 

Values of a and y for the gmo/squalene membranes are from [21]. 
Some membrane compression due to the electric field was assumed and 
the membrane compression was estimated from the data in [42]. 1.5 ,~ 
was used for gmo/decane and gmo/octane and smaller compressions for 
the thinner membranes. For eicosenoin/squalene without solvent no 
compression was assumed, a for gmo/decane is discussed in the text. eic 
is eicosenoin. 
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Fig. 4. Deformation free energy for a thin (28 A) solvent-free membrane 
with a low surface tension coefficient y = 1.5 mN/m.  Curves are as for 
Fig. 3. Fig. 4a is for boundary conditions with b = 0 (see Eq. (9) and 
text) and Fig. 4b is for the same situation but with b = 3 (relaxed 
boundary conditions), 

tension is still the dominant component for the relaxed 
boundary conditions. In these membranes, the lowering of 
the energy is only of the order 0.5 kT when the nearest 
neighbor lipids are relaxed. The initial slope, however, is 
much lower than in the previous cases. Also, the deforma- 
tion extends for hundreds of A from the channel, and r 2 
was therefore increased. The validity of the solutions were 
checked by comparing the results at the minimum for 
r 2 = 300, 350, 400 and 450 ,~. 

gmo/decane (Fig. 6a and b) is a thick compressible 
membrane in which decane occupies the interior of the 
membrane [16]. In this membrane the surface tension is the 
dominant component of the deformation energy for both 
sets of boundary conditions. 

3.1. Comparison with experimental results for gmo/ 
hydrocarbon systems 

The deformation energy is only one of the components 
of the total activation energy for the breaking up process 
of the dimer. The deformation energy does not predict the 
magnitude of the lifetime. Nevertheless, the ratio of the 
lifetimes for two membranes may be predicted. If the 
solvent in the membrane is changed then, in general, the 
lifetime also changes. To model this change we assume 
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that the change in lifetime results from a change in defor- 
mation energy. Other membrane /channe l  interactions and 
the channel conformation are assumed not to change. The 
difference in deformation energies then predict the relative 
lifetimes. In Fig. 7 are compared the theoretically deforma- 
tion energy differences with the corresponding values ob- 
tained from the experimentally determined lifetimes. The 
membrane is gmo with n-alkane solvents of  solvent chain 
length n = 8, 10, 12, 14 and 16 carbons. The energy 
minima of  Figs. 5 and 6 correspond to the predicted 
lifetimes for n = 10 and n --= 16. The deformation energies 
for n = 8, 12 and 14 were calculated in an analogous 
manner. Values of  the parameters are given in Table 2. In 
addition, the data of  Fig. 4 correspond to those of  
e icosenoin / squa lene  which is a thin virtually solvent free 
membrane. The lifetime for e icosenoin / squa lene  was 
therefore taken as a reference; i.e., the lifetime was taken 
as unity and the energy minimum of Fig. 4 is used as the 
reference zero energy. The fit between the predicted ener- 
gies and the experimental  data (Fig. 7) is remarkable 
considering the fact that there are no adjustable parameters 
at all. 
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Fig. 5. Deformation free energy for gmo/hexadecane membrane. Fig. 5a 
is for b = 0 (see Fig. 4). Fig. 5b is for relaxed boundary conditions. 
Although the hexadecane membrane (32 ,~) is thin (compared with 
gmo/decane, 45 A), it does not give the same deformation energies as 
those of Fig. 4 (28 A) also due to the significant differences in bilayer 
membrane tension for the two cases. Carves are as for Fig. 3. 
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Fig. 6. Deformation free energy for gmo/decane membrane. (The thick- 
ness was taken as 45 ,~ since there is some compression due to electric 
field and increased salt strength.) Fig. 6a is for b = 0 (see Fig. 3), and 
Fig. 6b is for relaxed boundary conditions. Curves are as for Fig. 3. 

3.2. For zero splay the surface tension always dominates 
the deformation energy 

From Fig. 6b it is clear that the splay energy is negligi- 
ble at the minimum of  deformation free energy. The 
compression of  the lipid chains at the channel is also 
small, partially due to the 'ver t ica l '  displacement of  the 
nearest neighbor lipids. The membrane shape may then be 
obtained analytically. This solution was therefore also used 
as a check of  the numerical integration method used above. 

Thus, if the splay at the minimum is zero, Ksp I may be 
set to zero and the solution is then given by (see Appendix 
B) 

u(r )  = A K o ( r / a )  (10)  

where K 0 is the modified Bessel function of  the second 
kind, K , ,  for n = 0 and a = (aT~B) °5. 

For large x, Ko(x )=  e-X/x ,  and a ,  the coherence 
length, therefore determines the 'decay '  of u and the range 
of  the deformation. For the conditions in Fig. 6b: B = 5.75 
• 10 - l l ,  7 =  3 . 6 . 1 0  -8 and a = 2 2 . 5  (see Table 2). Then 
a = (aT~B) °'5 = 120 ,~ which explains the large extension 
of  the deformations seen in the present case. 

The incremental contributions to the deformation en- 
ergy is proportional to K0(x)  2 + K~(x) 2 (see Appendix B) 
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Fig. 7. Comparison of experimentally measured ((3) and predicted ( • )  
lifetimes, ~', for gramicidin A channels in monoolein (gmo)/hydrocarbon 
membranes. No fitted parameters are used. The abscissae gives the 
number of carbon atoms in the alkane and the ordinate is the logarithm of 
(r for gmo/n-alkane/r for gmo/squalene) expressed as an energy in 
units of kT in accord with Eyring rate theory. The experimental values 
are from [21]. The theoretical values are obtained by the corresponding 
minima from calculation of the corresponding energy-shape curves (e.g., 
Figs. 4-6). 

where the first term corresponds to compression and the 
second to surface tension. An immediate consequence is 
the surprising result that, since Kl(X) > Ko(x), the surface 
tension component of the deformation energy is always 
greater than the compression component, irrespective of 
the relative magnitude of the compression modulus and the 
surface tension. This is in complete contrast to the conclu- 
sions from the earlier studies. 

The total deformation energy is given by 

F =  7r (~-)r?a2 ( - K°2 - ( ° ~ K l )  2 - r  1 + (K2 + K°)2 ) 4  

(11) 

where it is implicit that K 2, K 1, Ko are functions of 
r l /~ .  Although, paradoxically, the total deformation free 
energy is proportional to the compression coefficient, B, it 
depends on surface tension through the dependence of K 2 
on c~; as noted above the surface tension component is 
always the greater of the two. (It may be noted that the 
second term in Eq. (11), although proportional to y through 
the factor a 2, does not explain the dependence of the 
deformation energy on y, since this term is negative.) 

As noted, the splay component of the deformation 
energy for gmo/decane with a gramicidin channel is 
negligible at the minimum (Fig. 6b). This means that Eq. 
(11) may also be used to evaluate the minimum deforma- 
tion free energy for this system. The free energy was 
therefore reevaluated and the results verified the earlier 
numerical results for both the energy and the shape of the 
membrane. 

The contribution of the splay deformation has been 
neglected in the surface tension models for all the lipid 
membranes used in previous studies [17-22]. Eq. (11) 

represents an approach which conforms to the same as- 
sumptions and was therefore used (below) to compare the 
predictions of the liquid crystal theory with those of the 
surface tension models. 

4 .  D i s c u s s i o n  

4.1. Surface tension may dominate the deformation energy 

The excellent fit of the predictions of the theory to 
experimental data (Fig. 7) partially supports one of the 
major assumptions of the ENDH and HUH 'dimple' mod- 
els [19,21,22]. It was postulated there that the surface 
tension energy in the formation of a dimer channel was the 
main factor involved in the differences in channel event 
activities observed in different membranes. It is interesting 
that the present finding of a large influence of surface 
tension at the same time also supports the liquid crystal 
model since the empirical correlation of lifetime with 
surface tension [17-22] were explained with the liquid 
crystal model. 

The experimental results previously appeared not com- 
patible with the predictions of the liquid crystal theory for 
solvent-free membranes. In the pioneering work of Huang 
[5], the deformation was calculated to be concave at the 
channel. Also, the deformation energy was dominated by 
compression and splay forces. The theory, for more gen- 
eral boundary conditions, was used [6] to show that the 
membrane shape could indeed correspond to that of a 
'dimple' as suggested previously [ 17,19,21 ]. Although sur- 
face tension was now more significant, it was still not as 
important as the stiff elastic compression. 

We conclude that these earlier results of the liquid 
crystal models are not valid for the solvent-containing 
membranes discussed here, since the surface tension com- 
ponent in all cases is here shown to be the most important 
factor in determining the deformation energy. For 
gmo/decane which is a thick, compressible membrane 
with a relatively large surface tension coefficient the sur- 
face tension component completely dominates the defor- 
mation energy. 

The present results demonstrate the validity of the 
liquid crystal models. The results also show that the details 
of the boundary conditions and saddle splay, lipid-chain 
folding and effects of surface tension are important also 
for solvent-containing lipid membranes in general. 

It should be noted, however, that the spontaneous curva- 
ture [3,8,14,24,36] may be of greater importance for mem- 
brane-protein interactions in the general case than what 
has been noted for the system under investigation here. For 
many biologically important lipid membranes such as 
P C / P E  mixtureS,othe radius of spontaneous curvature may 
be as low as 30 A. From Eq. (3) it may be estimated that 
the deformation energy is then several kT larger than with 
zero spontaneous curvature. 
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The spontaneous curvature may also explain the change 
in gramicidin lifetime observed in a series of experiments 
where the size of the polar head was decreased whereas 
the chain length and solvent were kept constant [18]. The 
lifetime decreased when the degree of methylation of the 
headgroup was decreased (from PC to PE). From the 
lifetime data given there it may be estimated that the 
decrease in lifetime would require an increase in deforma- 
tion energy of about 1.6 kT. It is interesting that the 
increase in deformation energy is consistent with the mea- 
sured increase in spontaneous curvature when PE is incor- 
porated into PC membranes [28]. The magnitude of the 
resulting increase in deformation energy is predicted by 
Eq. (3). 

From the same report [18] it may be concluded that 
increasing the lipid chain length also decreases the life- 
time. The experimental data presented there show that 
when the chain length was increased then the lifetime 
decreased. The change in lifetime was larger, in general, 
than the changes observed when the head-group was 
changed. The data suggest that a change in lipid chain 
length may have more influence on the lifetime than the 
change in spontaneous curvature, a conclusion favoring the 
hydrophobic mismatch hypothesis [10]. 
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Fig. 8. Comparison of the deformation free energy of a membrane 
containing a gramicidin A dimer channel as calculated from Eq. (11), 
Etc . , with the deformation energies in the approximate models used 
previously. Empty circles indicate the HUH model in which the deforma- 
tion free energy is proportional to 3'Uo. Filled circles indicate the ENDH 
model in which the energy is proportional to 3,zcos0. Energies are in 
units of  kT. The line of unit slope is for comparison with the liquid 
crystal model prediction. The curves are for visual aid only. The data 
used for thickness and surface tension are from Requena et al. [38]. The 
points • and © are, in order of increasing energies, monoolein in 
hexadecane, tetradecane, dodecane, decane and heptane, respectively. 

4.2. Comparison with the surface tension models 

The equilibrium distribution of dimerized and non-dim- 
erized gramicidin monomers is expected to depend on the 
deformation energy involved in the formation of channels. 
The conductance (G) of a bilayer is proportional to the 
number of open channels and G therefore depends on this 
equilibrium. G correlates with the surface tension over five 
orders of magnitude [19], 

logG = LogG o - KyUo/kT (12) 

where K is a parameter obtained by fitting to data. 
In the ENDH model [21,22] the deformation energy is 

again proportional to the surface tension but now the 
lifetime, ~', of gramicidin is correlated with the deforma- 
tion energy, 

logr = log% - K'yzcos fb/kT (13) 

where K' is a constant which depends on the radius of the 
'well' created at the channel, z is the distance the 
monomers separate before breakup of the channel and ~b is 
the angle the membrane makes with the channel axis. The 
values of z and ~b were chosen to give the best fit to the 
data. (To obtain a good fit required a paradoxical value of 
18 ,~ for z.) 

Since the deformation energies have now been calcu- 
lated analytically and are based on a general physical 
model of the membrane deformation, the values of the 
'exact' result from Eq. (11) can be compared with the 
predictions from the more empirical ENDH and HUH 
models. In Fig. 8, Eq. (11) was used to calculate the 

deformation energies and these are compared with the 
ENDH and HUH models for a series of experimentally 
measured lifetimes. The bilayer tensions and thicknesses 
have been published by others [21,38]. 

The dotted line in Fig. 8 represents unit slope, i.e., 
calculated results should fall on this line for compatibility 
with the predictions of the liquid crystal model. The HUH 
model overestimates the deformation energy by more than 
10 kT at the greatest deformation energies. The 'errors' in 
the predictions of the ENDH and HUH models are due to 
the assumption of a large curvature of the membrane at the 
channel which overestimates the surface tension contribu- 
tion for thick membranes. In the liquid crystal model such 
a large curvature would be possible only if the compres- 
sion coefficient is large. It is well known, however, that 
gmo/decane membranes are readily compressible, i.e., 
have a small compression coefficient [15,16]. 

In essence, however, the results from the present study 
support the central hypothesis of the surface tension mod- 
els [17-22]. The present results show that surface tension 
is the major component of the deformation energy for 
solvent-containing monoolein membranes. 

It is expected that for monoolein, as well as for shorter 
chains, the analytical result (Eq. (11)) should be a reason- 
able approximation of the deformation energy for a range 
of solvents. (In general, however, Eq. (11) must be used 
with care if it is not known whether the splay component 
can indeed be neglected.) It is therefore feasible to system- 
atically compare the predictions of Eq. (11) with measured 
average channel lifetimes for these systems. 
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4.3. Deformation energy is sensitive to specific channel -  
membrane interactions 

The liquid crystal model of  Huang [5] is a macroscopic 
model in the sense that it presumes that the membrane is 
locally homogeneous [1,3]. It was shown here that the 
exact nature of  the interactions of  the nearest neighbor 
lipids and the channel, and therefore also the boundary 
conditions, determine the deformation energy of  the mem- 
brane and thus the influence of  the deformation on the 
kinetics of  the protein. 

Both dielectric and steric interactions are significant. 
From molecular dynamics simulations of  the permeation 
properties of a gramicidin A channel, the dielectric interac- 
tion with the membrane of  an ion occupying the channel 
was determined to be of  the order of  10 kca l /mol  [39]. We 
may therefore predict that the deformation region signifi- 
cantly influences the dielectric screening. The dielectric 
constant of  the water which replaces lipid in the deforma- 
tion region will result in a lowering of  the deformation 
energy. Given that the total ion-membrane interaction en- 
ergy is of the order of 20 kT, it may be that the calculated 
deformation energy may require significant correction. This 
situation for the open/c lose  dynamics is similar to the 
discrepancies observed for molecular dynamics simula- 
tions of  channel permeation. These simulations correctly 
predict the relative permeabilities of  ions. Nevertheless, 
the permeation energy barrier profile was offset (too large) 
by an amount equal to the dielectric interaction energy. 

This generalization, that the dielectric (and resonance) 
interaction energy observed on permeation will also influ- 
ence the lifetime, is supported by the observation that the 
lifetime is influenced by the ion occupancy of  the channel 
[37]. 

One simplification of  the present theory is that dynamic 
interactions are not considered. For example, it has been 
shown that thermal fluctuations [40] change the effective 
rigidity of  membranes with vanishing thickness and sur- 
face tension and in such systems the macroscopic rigidity 
may be lower than the microscopic rigidity. Including such 
effects is outside the scope of  the present work but it is not 
clear that the assumptions are applicable in the present 
case. The results presented here are selfconsistent in the 
sense that the surface tension contribution is significantly 
larger than the splay contribution. 

The possibility of  a local tilt of  the lipid molecules also 
can not be ignored. Generally, either the influence of  tilt 
was not relevant or could be neglected in the applications 
of  the theories of  deformation of  smectics [1,3,23]. For 
example, for vesicles a tilt of  the lipid molecules is not 
possible [23]. In contrast, for the case discussed here, a 
planar bilayer with a local deformation, a tilt of  the 
boundary lipids may be expected. The elastic energies of  
tilt are low [3]. Therefore, in general tilt may be important 
as a means for the boundary lipids to escape splay or 
compression deformation. This hypothesis is consistent 
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Fig. 9. Membrane deformation of gmo/decane membrane with grami- 
cidin A dimer channel incorporated. The analytical solution to Eq. (10) 
and the numerical method were both used, independently, to calculate the 
shape. When the numerical method was used, splay, soft compression, 
stiff compression and surface tension were included in the calculation and 
S was set to - 0.4 (Fig. 6b). The two methods of calculating the shape 
gave virtually identical solutions. The membrane deformation is long 
range. (The arrows on the right in the membrane indicate the asymptotic 
width of the membrane. The deformation extends for hundreds of A as 
indicated by the broken arrows.) x and y scales are equal. The grami- 
cidin hydrophobic length (shaded) is 22 A and the monoolein chain 
length is taken as 12.5 .~ (corresponding to half the width of a 
monoolein/squalene membrane). The lipids adjacent to the channel are 
likely to have shortened chains. This is shown on the left side of the 
channel. The hydrocarbon mean free volume is increased, however, 
corresponding to a loss of free energy, i.e., not to an increase of free 
energy due to compression. The space beneath the tryptophans also 
contributes to the increase in mean free volume of the nearest neighbor 
lipid tails. 

with our conclusion of  a relatively low contribution of the 
splay deformation energy in the present case. 

Molecular dynamics simulations show that the lipid 
chains may avoid compression by folding under the trypto- 
phans [41]. This means that Eq. (11) may be valid for a 
broader range of  situations than is apparent when calculat- 
ing the lipid chain compression from the thickness of  the 
membrane, lipid chain length and length of  the gramicidin 
channel. Generally it has been assumed that the compres- 
sion of  the lipids adjacent to the channel results from 
deformations in which the membrane becomes thinner than 
a solvent-free membrane with the same lipid constitution. 
If  the nearest neighbor lipids may fold under the trypto- 
phans, there will be no such compression. 

The shape of the membrane deformation for g m o / d e -  
cane with the gramicidin channel is shown in Fig. 9. The 
shape was constructed for S = - 0 . 4  which is slightly 
lower than S at minimum energy in Fig. 6. The initial 
slope at the minimum in Fig. 6 is an upper bound on the 
actual value of  the initial slope since mechanisms such as 
lipid chain folding (Fig. 9, left) will further decrease the 
effects of  the hard compression, u ( r )  for the construction 
of  Fig. 9 was calculated using Eq. (8) and also using Eq. 
(11) but there was no significant difference in the shape 
(i.e., using a value of  S = - 0 . 4  and including splay and 
hard compression). 
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5. Conclusions 

The theories of membrane deformation developed by 
Helfrich [3] and Huang [5] were combined to predict the 
deformation free energy of a lipid membrane with a grami- 
cidin channel. The theory includes the effects of saddle 
splay and spontaneous curvature. Analytic expressions for 
these latter contributions were derived. 

With the boundary conditions proposed here the lipid 
molecules may be displaced 'upwards' from the channel. 
This assumption results in a lowering of the hard compres- 
sion component of the deformation energy. For gmo/n-al-  
kane membranes the surface tension was shown to be the 
major component of the deformation free energy and the 
mathematical model was shown to predict the lifetime 
without adjustable parameters; this conclusion contrasts 
with previous conclusions. The remarkable fit and explana- 
tion of why earlier attempts have failed to demonstrate the 
empirical correlation of lifetime with surface tension sup- 
ports the usefulness of the liquid crystal models. 

An analytical expression for the deformation free en- 
ergy was obtained for conditions of zero splay and a single 
stiffness constant; the theory then shows that surface ten- 
sion is the major component of the deformation energy, 
irrespective of the membrane stiffness. 

The deformation energy is sensitive to the details of the 
boundary conditions. The fact that the deformation region 
may extend over hundreds of ~, for some systems is of 
significance to long-range protein-protein interactions. 

The chain lengths, membrane thickness, surface tension 
and average channel lifetime for a number of lipid systems 
are known. If compressibility and splay coefficients can be 
estimated it is of interest to apply the theory to these 
systems. Comparing the results with experimentally ob- 
tained lifetime data will clarify the generality and limita- 
tions of the application of the liquid crystal model to 
bilayer membranes. 

Appendix A. The contributions of spontaneous curva- 
ture and saddle splay to the total deformation energy 

The last two terms in Eq. (2) may be rewritten express- 
ing the principal curvatures in terms of the coordinates u, 
& and r (see Fig. 1). (These coordinates were used 
previously in the calculation of vesicle shapes [3].) 

Spontaneous curvature. If n is a unit vector perpendicu- 
lar to the membrane (see Fig. 1) then the curvature in the 
directions x and y (local coordinates in the membrane 
along the principal directions of curvature) are c I = 
O n x / O X  , c 2 = O n y / O y .  The sum of curvatures is 

On x Ony [ 02u 02U] 
c, + c 2 =  + = - 

, °(r°u) (A1) 
- r Or  -~r  

and the deformation energy due to the spontaneous curva- 
ture (see Eq. (2)) becomes 

ff l 0 (  rou ) -2KsplC° 1 r Or O---r 27rrdr 

[ O u F  
= 4"n" Ks_ 1 c O / r - -  t = - 4 Ksp I C O r I S ( A . 2 )  

v [ O r J r  ' 

Saddle splay. Expressing c~ and c a using the coordi- 

nates r, 

sintk 
c I = - c o s t  h and c 2 - (A.3) 

r 

Then the saddle component of the deformation energy (last 
term of Eq. (2)) is 

~o 

t aKin,( c,c~27rrdr 
r I 

r~ s ine  d~b 
= r c°S*TrZ 'rdr 

1 S 2 
r 0 = -- -~TraKspi[Cos(2¢b)] o = - 7raK'spl 1 + $2 (A.4) 

where 0 equals the initial value of ~b (i.e., at r = r 0) and 
S = tan 0, the slope of the membrane at the channel. 

Appendix B. The shape and energy of the deformation 
for a membrane when splay may be neglected 

If Ksp I = 0 then multiplying F_xt. (8) by r 2 gives 

rZu" + r u ' -  ( B /ay ) rZu  = 0 (B.1) 

which is Bessels modified equation for n = 0. 
The solution is conveniently expressed as 

u =AKo(r/o~ ) +A ' lo ( r /a )  (o~= (a'y/B) 1/2) (B.2) 

where K o, I o are modified Bessel functions of the second 
kind, K n, I,, for n = 0. The boundary condition u ~ 0 as 
r ~ ~ demands that A ' =  0 since 1 o diverges. A is not 
constrained by this boundary condition since Ko(r)  ---, 0 as 
r -~  oo. Instead, the solution is determined completely by 
the single boundary condition at r = r~, 

u(rl)  = (a - gl/2) - bsinO=AKo(rl/et  ) (B.3) 

where 0 = Itan-lS[. From Eq. (B.3) the initial slope, S, is 

S = u'( r I ) = ( 1 / a  ) AK'o( r , /et)  = - ( 1 / a )  AKl( r,/o~ ) 
(B .4) 

For the last equality use was made of 

d / L ( x  ) r , _ , ( x )  + / L +  t (x )  
' - -  - and K,( x) = dx  2 

K 1 = K 1 (B.5) 
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Substituting Itan-lSI for 0 in Eq. (B.3) then gives a 
non-linear equation in A. (A is determined to within 0.5% 
in 2 iterations using Eqs. (B.3) and (B.4) and starting with 
s=0.)  

The deformation energies are obtained by integration of 
Eqs. (4) and (6) (and using Eq. (B.5) again) 

3C 

F =  2"n'f r d r ( ( B / a ) u  2 + yu 2) 
?'1 

~C 

= 2 7 r T Z Z f r x d x ( K 2 ( x )  + K ? ( x ) )  (B.6) 
Ot 

where x = r / ~  and the first and second terms correspond 
to compression and surface tension, respectively. 

Eq. (B.6) may be integrated analytically. For any solu- 
tion of Bessels modified equation, x2y  " + xy' - ( x  2 + 
n2)y = 0, it can be shown that (differentiating each side) 

f~xy2dXx, = (XlY')2--(X~2 + n2) Y2 (B .7) 

Applying Eq. (B.7), with x I = r l / a ,  to both terms in Eq. 
(B.6) gives 

F= 7"rTA2( (( XlKI)2 - ( XlKo) 2) 

+( x~(K2+K°)2 )) 
4 - ( x ~  + 1 ) K  2 ( B . 8 )  

where  it is impl ic i t  that K2, K1, K o are funct ions o f  rl /a 
and where  the first and second terms in brackets  corre-  

spond to the compress ion  and surface tension terms, re- 

spect ively.  Col lec t ing  terms and resubst i tut ing r~ = ax 1 
gives  Eq.  (11) 
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